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Abstract 

 The transcendental equation involving surd with five variables given by 

5223 223 22 z)ba(2YXyx   is  studied  for obtaining its integer solutions. 

Substitution  technique  and factorization method  are utilized to obtain the required integer 

solutions. 
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Introduction 

The subject of Diophantine equation, one of the interesting areas of Number Theory, 

plays a significant role in higher arithmetic and has a marvellous effect on credulous people and 

always occupies a remarkable position due to unquestioned historical importance. The 

Diophantine equations may be either polynomial equation with at least two unknowns for which 

integer solution, are required or transcendental equation involving trigonometric, logarithmic, 

exponential and surd function such that one may be interested in getting integer solution. Most of 

the Diophantine problems solved by the researchers are polynomial equations.[1-13]. Note that, 

the transcendental equation can be solved by transforming it into an equivalent polynomial 

equation. Adhoc methods exists for some classes of transcendental equations in one variable to 

transform them into polynomial equations which then might be solved.  Some transcendental 

equation in more than one unknown can be solved by separation of the unknowns reducing them 

to polynomial equations. In this context, one may refer [14-18].  
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     In this paper, we are interested in obtaining integer solutions to transcendental equation 

involving surds. In particular, we obtain  different sets of integer solutions to the transcendental 

equation with five  unknowns given by  5223 223 22 z)ba(2YXyx  . Substitution  

technique  and factorization method  are utilized to obtain the required integer solutions. 

Method of analysis 

   The quinary surd equation to be solved is 

                                      5223 223 22 z)ba(2YXyx                                                    (1) 

The insertion of the transformations 

   )vu3(vY,)v3u(uX,)vu(vy,)vu(ux 22222222                                  (2)  

in (1) leads to non-homogeneous ternary quintic equation 

                            52222 z)ba(vu                                                                                       (3) 

Solving (3) through different ways and using (2) ,patterns of integer solutions 

 to (1)  are obtained.  

Pattern 1 

   Let 

                                     22 BAz                                                                                               (4) 

Substituting (4) in (3) and employing  factorization , consider 

      )]B,A(gi)B,A(f[)bia()BiA()bia(viu 5                                                      (5) 

 where 

                             
5324

4235

BBA10BA5)B,A(g

BA5BA10A)B,A(f




                                                                    (6) 

On comparing the coefficients of corresponding terms in (5) ,we get 

                                  
)B,A(ga)B,A(fbv

)B,A(gb)B,A(fau




                                                                            (7) 

From (2) ,we obtain 
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})]B,A(ga)B,A(fb[)]B,A(gb)B,A(fa[3{)]B,A(ga)B,A(fb[Y

})]B,A(ga)B,A(fb[3)]B,A(gb)B,A(fa[{)]B,A(gb)B,A(fa[X

]}))B,A(g())B,A(f[(]ba[{)]B,A(ga)B,A(fb[y

}]))B,A(g())B,A(f[(]ba[{)]B,A(gb)B,A(fa[x

22

22

2222

2222









                      (8) 

Thus,(4)&(8) satisfy (1). 

Some numerical solutions to (1) are given below: 

Example 1 

                            

2z,1152Y,1664X,1920y,640x

12v,4u

4)1,1(g)1,1(f

1BA,1b,2a









 

Example 2 

                            

5z,5312833Y,6230644X,40625*47y,40625*196x

47v,196u

41)1,2(g,38)1,2(f

1B,2A,2b,3a









 

Pattern 2 

         Let 

                  
0qp,)qp(b)qp2(a)q,p,b,a(G

,)qp2(b)qp(a)q,p,b,a(F

22

22




                                            (9) 

It is seen that 

     22222 )qp()ba(])q,p,b,a(Gi)q,p,b,a(F[])q,p,b,a(Gi)q,p,b,a(F[   

Thus, one may consider 

          
222

22

)qp(

])q,p,b,a(Gi)q,p,b,a(F[])q,p,b,a(Gi)q,p,b,a(F[
)ba(




                      (10) 

Also, take 

                   )BA()qp(z 22222                                                                           (11) 

Substituting (10) & (11) in (3) and employing factorization , consider 

)]B,A(gi)B,A(f[)qp(
)qp(

])q,p,b,a(Gi)q,p,b,a(F[
viu 522

22





  

On equating the coefficients of corresponding terms , one obtains 
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)]B,A(g)q,p,b,a(F)B,A(f)q,p,b,a(G[)qp(v

,)]B,A(g)q,p,b,a(G)B,A(f)q,p,b,a(F[)qp(u

422

422




 

 

In view of (2) ,the integer solutions to (1) are obtained  jointly with (11). 

 

Pattern 3 

   Taking 

                      P)ba(z,kP)ba(u 222322                                                      (12)   

in (3),one obtains 

                     )kP(P)ba(v 246222      

  which is satisfied by   

                      
522322

22

k)1s(s)ba(v

,k)1s(P




 

From (12),it is seen that 

                               522322 k)1s()ba(u       

and               

                       2222 k)1s()ba(z                                                                            (13) 

In view of (2) ,it is seen that 

                

)s3(s)1s()ba(kY

)s31()1s()ba(kX

)1s(s)ba(ky

)1s()ba(kx

26292215

26292215

7292215

7292215









                                                               (14) 

Thus ,(13)&(14) satisfy (1). 

A few numerical solutions to (1) are presented below: 

Example 3 
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10z,200*2Y200*11X,200*10y,200*5x

400v,200u

1k,2s,1ba

3333 





 

 

Example 4 

             

65z,5*13*2Y,5*13*11X,5*13*10y,5*13*5x

109850v,54925u

1k,2s,3b,2a

69696969 





 

Pattern 4 

  Write (3) as 

                            1*z)ba(vu 52222                                                                    (15) 

Consider the integer 1 in (15) as 

               
222

2222

)qp(

)]qp2(i)qp[()]qp2(i)qp[(
1




                                                 (16) 

Inserting (11) & (16) in (15) and applying factorization , consider 

    )]B,A(gi)B,A(f[)qp(
)qp(

)]qp2(i)qp[(
)bia(viu 522

22

22





     

from which we have 

)}B,A(g)qp()B,A(fqp2{)qp(v

)}B,A(gqp2)B,A(f)qp{()qp(u

22422

22422




 

 In view of (2) ,the integer solutions to (1) are obtained  jointly with (11). 

Conclusion 

  In this paper, the transcendental equation involving surds with five unknowns given by 
5223 223 22 z)ba(2YXyx   has been studied to obtain integer solutions . in an 

elegant way through suitable transformations and utilizing the technique of factorization. As surd 

equations are plenty , one may attempt for getting integer solutions to other choices of surd 

equations with more variables. 
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